Abstract: In this paper, we establish and employ a local framework to the first order of Riemann's curvature tensor in order to develop the corresponding coordinate non commutativity into general manifolds. We also exploit a new translation of function at the level of quantum mechanics to show that the final correlation result of the generalized non commutativity is a mixture of the Canonical and Quadratic formalisms and does not consist only of the Lie algebraic formalism. The basic premise of this article is that the geometry of a four-dimensional pseudo Riemann manifold representing space time, is homeomorphic to Minkowski space time.
INTRODUCTION
Continuous space time makes available short distances. Today, there are indications that at very short distances we might have to go beyond differential manifolds. Nowadays, we can formulate the fundamental laws of physics, consisting of field theory, gauge field and the theory of gravity on differentiable manifolds. This is only one of the several issues that we confront in relation to changes in physics for very short distances [1] [2] [3] [4] . Physics data has forced us to admit of change in the conception of space time for very short distances and introduce non commutative coordinates [3] [4] [5] [6] [7] [8] . We define a non commutative space by replacing the local coordinates y µ of R D+1 with hermitian operatorsŷ µ obeying the commutation relations:
in addition to the standard relations: [ŷ µ ,p ν ] = ıδ µν and [p µ ,p ν ] = 0. Whereŷ andp stand for the coordinates and momentum operators, respectively. ω(ŷ, t) is a real, antisymmetric four dimensional matrix. Here, the Latin and Greek indices run from 1 to 3 and 0 to 3, respectively. An important special case of the non commutativity (without time contribution) is as follows [1, 4, [9] [10] [11] : The formulation of physical theories on non commutative spaces is constructed by a very simple role, namely, replacing the ordinary products between quantities with a new product, the so-called ⋆ product named by Moyal-Weyl [3, 4, 9] ,
where ∂ α = ∂ ∂y α . Recently and for general space time, a new star product has been used which is presented in Ref. [12] . These authors proposed a new product which is given by,
where κ is a constant and Π ν is a covariant derivative. It can be seen that Eq. (4) is similar to the Moyal-Weyl mapping with slight changes such as the replacement of the momentum operators. In this article, the canonical non commutativity can readily be reformulated to apply to general pseudo Riemann manifolds. In order for the above ideas to materialize, it is necessary to employ localized homomorphism between pseudo Riemannian manifolds. Locally, the accessibility of ω ij → θ ij follows from the theory of general relativity. Assuming that the equivalence principle holds, special relativity is available in the presence of a gravitational field. In fact, one can always construct local inertial frames at a given event belonging to space time, in which free particles would move along straight lines. In such frames, the components of the metric tensor can be expanded in terms of Riemann's tensors. If η µν = (−1, 1, 1, 1), then the components of the metric and the relevant affine connections (Christoffel multipliers) are given by,
and
where raising of the localized Lorentz indices are done with Eqs.(5) [13] . The coordinate system of such a frame are called Riemann's normal coordinates [14] [15] [16] [17] [18] . It can be seen that up to the first order of θ, Eq. (5) and Eq.(6) will remain unchanged for a non commutative framework.
A common tool for all approximated methods is to work with local coordinates. That is, the validity of the above statements is limited to the non covariant observer.
PRESENTATION OF THE THEORY
In this article, we suppose that all the employed functions are smooth and C ∞ and the hat symbol is used for the non commutative coordinates and operators. Here,
If a is a real and continuous parameter, then we can represent an unusual interpretation of the basic vectors by < y | e −ı apy =:<ỹ | Therefore, at the quantum mechanical level, the basic vectors can have an unusual operational role. According to the above, we can consider the effect of the translation operator on the given quantum mechanical state Ψ:
whenT is used as a translation operator. In the first step, the validity of the translation operators, is related to the magnitude of the translation parameters. So, in quantum mechanics, the translation parameters consist of more information about transportation. The main purpose of our work is to investigate the validity of n-dimensional Taylor series expansion of the translation operators. The compact form of a well-defined set of the second class of translators will be (Ref. [19] ),
Ω is a somewhere where Λ is small. In fact, the measure of the set of Ω is limited by the validity of the series expansion and Λ(y) has yet to obey the magnitude condition in the range of Ω. That is
Particularly, if y ∈ ∂Ω, then Λ(y) = 0. The evolution of the states occurs within the Heisenberg comprehensive formula;
in whichT(ŷ) as a translation operator is very famous in quantum literature. So, we need to introduce the Heisenberg picture which refers to the second class of translators (Eq. (8)). In the simple case, Eq. (8) has been assembled by:T
IMPORTATION OF STAR PRODUCT
In this section, we derive the ⋆-product for the non commutative framework in Minkowski space time. In the special case of non commutativity, we only consider the case of [ŷ 1 ,ŷ 2 ] = ıθ. However, for the case of ω ij = 0, we haveT 1 (y)T 2 (y) =T 2 (y)T 1 (y). But, this is not always true and its validity is questioned by Eq.(1). So that, Eq.(2) provides a set of arranged-ordered translators Obviously, ω µν is the cause of the arrange-ordered translators. Generally,
Substituting, the unit operator in the non commutative framework, the key point of this paper appears which is to transfer the magnitude condition of Λ(ŷ) to the limits of integration. That is,
It is clear that Λ(ŷ; Ω) itself consists of the necessary information of translation and should still be very small, whereas on the right side of Eq. (13), Λ(ŷ) does not consist of information and the information of translation has been delivered to the limits of integration. In other words, the direct responsibility of Λ(ŷ; Ω) can be reduced by integration. Clearly, arrange-ordered translators satisfy the cumulative properties. That is, Eq. (13) is true. We distinguish the momentum operators belonging to the Hilbert and Dual space, by introducing:
We know that non commutativity holds exclusively for each set of coordinates belonging to the same framework, i.e. [x i ,ŷ j ] = 0. When Eq. (13) holds, hermiticity has full authority to enter the unit operator. This is also reinforced assuming the eigenvalue problems. Thus, we can prove,
as an integral equation over all space at time "t". Since, we are allowed to enter the unit operator anywhere, we have
In addition, Eq.(15) implies that the following rule: in the presence of the Dirac delta function, integration is allowed only for adjacent coordinates. In particular, if
Now, In the neighborhood of Ω, we can introduce:
Substituting Eq. (14) into Eq. (18), becomes
In this way, we show that the second class of the translators can be enabled to make Eq.(3).
Derivation of the ⋆-product: In order to derive explicit expressions for the ⋆-product, we can refer to the Heisenberg picture. Eq.(10) and the translation operator (T = e −ı − → w ), provided that:
, and
where ← − w(x,ŷ; Ω) and − → w(x,ŷ; Ω) are given by Eq.(19)) suggest that,
Thus, every displacement on the non commutative pseudo Riemann manifolds is strongly dependent on the commutation relations given by Eq.(1). Therefore, the advent of a non trivial operator is inevitable. The central operator can be represented as,
Specifically, we will follow "⋄ Ω " in the case of non commutativity which lies on the xoy−plane. Lemma-The ⋄ Ω enables us to create Eq.(3). Proof-We note that the second class of the translators up to the first order of θ, obey the equation: 
By dropping the redundant indices, the above equation
in which the second term should to be clarified. In order to explain the second term, we can show,
thus, Eq.(23) becomes
Subsequently, to obtain the ⋆-product, we can take Λ i = y i ; i = 1, 2 and Ω as a neighborhood of the origin. In this way, Eq.(25) gives:
But, for a small Ω, Ω is locally homomorphic to the pseudo Riemann manifolds. This allows us to employ Eq.(2). Therefore, assuming
and up to the first order of the small parameters, ⋄ Ω reduces to the ⋆-product and Eq.(26) will be an analog of the Moyal-Weyl mapping. However, up to the first order of θ,
Integration can be removed by refunding information to the transition function. In this case and for a neighborhood of the origin, Eq.(27) can be written in the momentum representation as the operator:
So, our conclusions leads us to the canonical non commutativity,
Another Minkowski space time
We now generalize the previous process for a space time other than the Minkowski space time. Since, in quantum mechanics, the time coordinate does not manifest in the role of operator, "time" does not contribute to coordinate non commutativity. However, from the Heisenberg picture, we can introduce time dependent vectors:
We also assume that all the operators and vectors will be defined at time "t". This means that, with good approximation, we can suppose that the framework is falling along a geodesic G of space time. In Riemann's normal coordinates, each space-like hypersurface of constant "t" is normal to this geodesic and contains the set of space like geodesics normal to G. The time "t" of an event in a hypersurface is the proper time along G at which the every point intersects the hypersurface [13] . Consequently, the unit operator is made in compliance with the principle of symmetrically:
Without loss of generality, we can replace " | y,t > " with " | y > " which is a symbolic notation. In addition, by introducing d n y = d n−1 y dt δ(t −t), the unit operator becomes:
According to Ref. [19] and in commutative algebra, the generalized momentum operator,Π is given by:
with,
Eq.(34) is not always true and its validity is questioned by Eq.(1). For non commutative coordinates, we can generalize the rotation rule as:
Proof-Sincex andŷ do not belong to the same space, we deduce that the functions ofx andŷ are obviously commutable. We are allowed to use the unit operator (with an arbitrary number of the unit operator). So, we can write
this implies that:
Our calculation concludes that:
In commutative algebra, ∂ µ (−g(y)) [20] and the metric functions obey: g(y)g −1 (y) = 1. One can see that the corresponding non commutative version of the metric functions obeys the same equation:
therefore, the metric functions will be commutable. Thus, we have
also, due to Eq. (5) and Eq. (6), we can write
hereafter, " − 1 6 ∂ µ t lkŷ lŷk " as a four vector will be shown by Γ µ (ŷ). Considering the commutators of the metric functions and Eq.(38), we have
finally,
Our calculations conclude that:
Now, we introduce the following non commutative version ofΠ:
which operate from the right and left. Such that,
where < h |ŷ >= h(ŷ). It can be easily shown that:
Now, we can refer to the Heisenberg picture. We assume again the second class of the translator:T(ŷ, Ω) =
Similar to the previous section, the advent of a non trivial operator is still inevitable, i.e.
In order to explain the latest term and for the sake of simplicity, we denote ∂ŷk by ∂ k (it is used exclusively for y as a middle coordinate) and have
where, Γ {i,j} = Γ i,j + Γ j,i , to calculate
Additionally, it is easily shown that,
thus, all Greek indices which appear in the above equations take the values 1 and 2. Therefore, Eq.(49) becomes, 
CONCLUSION
At the level of quantum mechanics, we have found a way to generalize coordinate non commutativity to a general space time other than the Minkowski space time. For the case of Eq.(59), we made the local operators which were arrange-ordered and satisfied the commutation relation of Eq. (12) . The translation information was entrusted into the range of integration, by substituting the unit operator in the second class of translators. Also, we showed that the new operator (named " ⋄ ") can be made by employing the evolution operator (in the Heisenberg picture), homomorphism of local pseudo Riemann manifolds with Minkowski space time and the assumption of Eq.(59). " ⋄ " enabled us to generalize coordinate non commutativity for a more general space time. It can be seen that if we substitute Eq. (6) 
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